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Pion light-cone wave function and pion distribution amplitude in the Nambu–Jona-Lasinio model
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We compute the pion light-cone wave function and the pion quark distribution amplitude in the Nambu–
Jona-Lasinio model. We use the Pauli-Villars regularization method and as a result the distribution amplitude
satisfies proper normalization and crossing properties. In the chiral limit we obtain the simple results, namely

wp(x)51 for the pion distribution amplitude, and*d2k'Cp(x,kW')k'
2 5^kW'

2 &52M ^ūu&/ f p
2 for the second

moment of the pion light-cone wave function, whereM is the constituent quark mass andf p is the pion decay
constant. After the QCD Gegenbauer evolution of the pion distribution amplitude good end-point behavior is
recovered, and a satisfactory agreement with the analysis of the experimental data from CLEO is achieved.
This allows us to determine the momentum scale corresponding to our model calculation, which is close to the
valueQ05313 MeV obtained earlier from the analogous analysis of the pion parton distribution function. The

value of^kW'
2 & is, after the QCD evolution, around (400 MeV)2. In addition, the model predicts a linear integral

relation between the pion distribution amplitude and the parton distribution function of the pion, which holds
at the leading-order QCD evolution.

DOI: 10.1103/PhysRevD.66.094016 PACS number~s!: 12.38.Lg, 11.30.Rd
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I. INTRODUCTION

The study of high-energy exclusive processes@1# provides
a convenient tool of learning about the quark substructur
hadrons. In this limit the total amplitude factorizes into
hard contribution, computable from perturbative QCD, an
soft matrix element which requires a non-perturbative tre
ment. From the point of view of chiral symmetry breaking
particularly interesting process is provided by theg*
→g* p0 transition form factor. For real photons its norma
ization is fixed by the anomalous breaking of chiral symm
try by the p0→gg decay. In addition, in the limit of large
photon virtualities, factorization allows us to define t
leading-twist pion distribution amplitude as a low ener
matrix element whose normalization is fixed by the pi
weak-decay constant, a spontaneous chiral symmetry br
ing feature of the QCD vacuum. It seems obvious that suc
process offers a unique opportunity not only to learn ab
the interplay between high and low energies, but also to
derstand the relation between the spontaneous and
anomalous chiral symmetry breaking. Radiative logarithm
corrections to the pion distribution amplitude~PDA! can be
easily implemented through the QCD evolution equatio
@2,3#, which yield for Q2→` the asymptotic wave function
of the formwp(x,`)56x(12x). Moreover, the pion transi
tion form factor has been measured by the CELLO@4# and,
recently, the CLEO Collaborations@5#. A theoretical analysis
of PDA based on these data and light-cone sum rules
been undertaken@6#, showing that atQ52.4 GeV PDA is
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neither asymptotic nor possesses the double-hump struc
@7# proposed in early works@8,49#.

The pion distribution amplitude has been evaluated w
QCD sum rules@9–14#, in standard@15# ~only the secondj
moment! and transverse lattice approaches@16–18#, and in
chiral quark models@19–29#. In chiral quark models the re
sults are not always compatible to each other, and even t
interpretation has not always been the same. While in so
cases there are problems with chiral symmetry and pro
normalization@20,21,25#, in other cases@22–26,28,29# it is
not clear how to associate the scale at which the mode
defined, which is necessary to define the starting point for
QCD evolution. Nevertheless, there is a precise way to id
tify the low energy scale,Q0, at which the model is defined
namely the one at which the quarks carry 100% of the to
momentum @30,31#. The fact that several calculation
@20,21,23–26,28# produce a PDA strongly resembling th
asymptotic form suggests that their working scale is alre
large, and the subsequent QCD evolution becomes unne
sary, or numerically insignificant. This also tacitly assum
that these models already incorporate the QCD radiative
rections.

In the present paper we compute the pion distribution a
plitude and the pion light-cone wave function within th
Nambu–Jona-Lasinio~NJL! model @32,33# in a semi-
bosonized form using the Pauli-Villars~PV! regularization
method @34#. This method has been introduced in Re
@35,36# in the context of chiral perturbation theory, as well
for chiral solitons. From the point of view of the NJL mod
the study of exclusive processes becomes interesting in
own right. Although factorization holds beyond doubt
QCD, it is far from obvious that any of the regularizatio
schemes used to make a low-energy model well define
compatible with factorization. In addition, we want to dete
©2002 The American Physical Society16-1
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mine what is the low-energy scale,Q0, the model corre-
sponds to. Here we obtain it with help of the analysis of
PDA and compare it to theQ0 obtained in deep inelasti
scattering~DIS! from the corresponding parton distributio
function ~PDF! of the pion.

To a large extent our treatment of the PDA parallels
calculation of PDF carried out in previous works@37–39#.
There, it has been argued that for inclusive processes, su
in deep inelastic scattering, by far the most convenient re
larization scheme is the PV method. Such a regulariza
allows the extraction of the leading-twist contribution to t
forward virtual Compton amplitude which possesses pro
support and normalization. The relevance of regularizatio
chiral quark models should not be underestimated; it is
evident what is the most convenient way to cut-off high e
ergies in such a way that most features of QCD are retain
Those include chiral symmetry, gauge invariance, and s
ing properties. The main outcome of the calculation p
sented in Ref.@37# was that, at the scaleQ0 at which the
model is defined, the valence PDF is a constant equal to

q~x,Q0!5q̄~12x,Q0![Vp~x,Q0!/251. ~1!

After QCD evolution at leading order~LO!, impressive
agreement with the analysis of Ref.@40# at the reference
scaleQ52 GeV has been achieved. At this scale the vale
quarks carry 47% of the total momentum. This implies
rather low scaleQ0, as suggested by the evolution rat
a(2 GeV)/a(Q0)50.15 relevant at leading order. Fo
a(2 GeV)50.32 listed by the Particle Data Group~PDG!
@41#, and for the evolution with three flavors, this corr
sponds to@42#

Q05313 MeV, a~Q0!52.14 ~2!

~see Ref.@37# for details!. The low scales are confirmed b
the next-to-leading~NLO! analysis of Ref.@39#, with the
NLO effects small compared to the LO ones@43#. Motivated
by this success, in the present paper we investigate whe
the evolution ratio and the values~2! found in deep inelastic
scattering are compatible with the values extracted from
similar analysis of the PDA at LO in the same model~NJL!
with the same~PV! regularization. This is the main objectiv
of this work.

In the NJL model the PDA has already been estimated
several authors@23,24,28#. The work of Refs.@23,24# uses
the Brodsky-Lepage cut-off regularization as suggested
the light-front quantization formalism. As a consequence,
asymptotic formw(x,Q0)56x(12x) is obtained without
any additional evolution. On the other hand, the same re
larization yields the PDF of the formxVp(x,Q0);6x2(1
2x) @24,44# which is far from the asymptotic valu
xVp(x,`)5xd(x)50. This is a rather puzzling resul
which may have to do with subtleties of introducing a reg
larization in the light-cone quantization method~see also
Ref. @44#!. For that reason we prefer to use a manifes
covariant formalism, where chiral symmetry can be eas
implemented in the presence of the regularization. In R
@28# the PDA has been extracted from the transition fo
09401
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factor by examining the asymptotic behavior for large pho
virtualities. This requires introducing a regularization for
abnormal parity process which also modifies the ch
anomaly, and hence, for typical parameter values@45#, the
p0→gg decay rate is reduced by 40% of the current alge
value. Our approach is free of such problems.

II. THE NAMBU –JONA-LASINIO MODEL

For the reader’s convenience we briefly review the N
model in such a way that our results can be easily stated.
SU~2! NJL Lagrangian in the Minkowski space is given b
@32,33#

LNJL5q̄~ i ]”2M0!q1
G

2
@~ q̄q!21~ q̄tW ig5q!2# ~3!

whereq5(u,d) represents a quark spinor withNc colors,tW
are the Pauli isospin matrices,M0 stands for the curren
quark mass, andG is the coupling constant. In the limiting
case of the vanishingM0 the action is invariant under th
global SU(2)R^ SU(2)L transformations. With help of
bosonization, the vacuum-to-vacuum transition amplitude
the presence of external vector and axial-vector curre
(v,a), can be written as the path integral

^0uT expH i E d4x@ q̄~v”1a”g5!q#J u0&5E DSDP
→

exp$ iS%.

The following Dirac operators:

iD5 i ]”2M02~S1 ig5tW•P
→

!1v”1a”g5 ,

iD552 i ]”2M02~S2 ig5tW•P
→

!1v”2a”g5 ,

are introduced. The fields (S,P
→

) are dynamical, interna
bosonic scalar-isoscalar and pseudoscalar-isovector fie
which after suitable renormalization can be interpreted as
physicals and pion fields. The PV-regularized normal pari
(g5-even! contribution to the effective action is@35,36#

Seven52
iNc

2 (
i

ci tr log~DD51L i
21 i e!

2
1

2GE d4x~S21P
→ 2!, ~4!

with tr denoting the trace in the Dirac and isospin space
general, we assumen PV subtractions, with the condition
( i 50

n ciL i
2k50 for k50, . . . ,n, and withc051, L050. At

least two subtractions (n52), which is the case use
throughout this paper, are needed to regularize the quad
divergence. The abnormal parity (g5-odd! contribution to the
effective action is

Sodd52
iNc

2
$tr log~D2!2tr log~D5

2!%. ~5!

Notice that no explicit finite cut-off regularization is intro
duced in the abnormal parity contribution, as demanded b
6-2
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PION LIGHT-CONE WAVE FUNCTION AND PION . . . PHYSICAL REVIEW D66, 094016 ~2002!
proper reproduction of the QCD chiral anomaly. This sub
and important point has been discussed in detail in Ref.@46#.

Any mesonic correlation function can be obtained fro
this gauge-invariantly regularized effective action by a su
able functional differentiation with respect to the releva
external fields. In practice, one usually works in the form
limit large Nc , in other words, at the one-quark-loop leve
To fix the parameters in the PV-regularized NJL model
proceed as usual~see, e.g., Ref.@36#!. The effective potential
leads to dynamical chiral symmetry breaking, thereby yie
ing a dynamical quark mass,M, and condensates given by

^ūu&5^d̄d&52
M2M0

2G
54NcMI 2 , ~6!

where the quadratically divergent integral,I 2, is defined as

I 25 i E d4k

~2p!4(
i

ci

1

~2k21M21L i
22 i e!

5
1

~4p!2 (
i

ci~L i
21M2!log~L i

21M2!. ~7!

The calculation of the relevant correlation function yields
the pion mass

mp
2 5

2I 2

F~mp
2 !

M0

M2M0
. ~8!

The pion weak-decay constant,f p , and the pion-quark cou
pling constant,gpqq , are given by

f p54NcMF~mp
2 !gpqq , ~9!

1

gpqq
2

54Nc

d

dp2$p2F~p2!%up25m
p
2 , ~10!

respectively. We have introduced the following short-ha
notation:

F~p2!5E
0

1

dxF~p2,x!, ~11!

where, in terms of the PV-regularized one-loop integrals,
09401
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F~p2,x!52 i E d4k

~2p!4

3(
i

ci

1

@2k22x~12x!p21M21L i
22 i e#2

52
1

~4p!2 (
i

ci log@M21L i
22x~12x!p2#.

~12!

The functionF in an obvious manner satisfies the symme
relation F(p2,x)5F(p2,12x). In the case of two subtrac
tions, and in the limitL1→L2[L used in this paper, we
have ( ici f (L i

2)5 f (0)2 f (L2)1L2f 8(L2). In the numeri-
cal analysis of this paper we work in the strict chiral lim
with M050. The parameters are fixed as usual; we ad
the cutoff,L, in order to reproduce the physical pion wea
decay constant,f p593.3 MeV. The coupling constant,G, is
traded for the constituent quark mass,M, which remains the
only free parameter of the model. In our study of the pi
light-cone wave function we use two sets, which cover
range used in other phenomenological applications of
model:M5280 MeV, L5871 MeV ~the case of Ref.@37#!,
andM5350 MeV,L5770 MeV. These give the quark con
densate equal to ^ūu1d̄d&52(290 MeV)3 and
2(271 MeV)3, respectively. As we shall see, the results a
insensitive to the choice of parameters.

III. PION LIGHT-CONE WAVE FUNCTION AND PION
DISTRIBUTION AMPLITUDE

The pion light-cone~LC! wave function~the axial-vector
component! is defined as the low-energy matrix element@47#

Cp~x,kW'!52
iA2

4p f p
E dj2d2j'ei (2x21)j2p12j'•k'

3^p1~p!uū~j2,j'!g1g5d~0!u0&, ~13!

wherep65mp andpW'50. The pion distribution amplitude
is defined as

wp~x!5E d2k'Cp~x,kW'!. ~14!

Formally, in the momentum space, Eq.~13! corresponds to
integration over the quark momenta in the loop integral u
in the evaluation off p , but with k15p1x5mpx and k'

fixed. Thus, with the PV method and after working out t
Dirac traces, we have to compute
6-3



Cp~x,kW'!52
2iNcMgpqq

f p
E dk1dk2

~2p!4

d~k12xp1!

mpx~12x! (
j

cj

1

2
kW'

2 1M21L j
21 i01

1

2
kW'

2 1M21L j
21 i01

,
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k 2mp1
mp~12x!

k 2
mpx

~15!
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where the location of the poles in thek2 variable has been
explicitly displayed. Evaluating thek2 integral gives the
pion LC wave function in the NJL model with the PV reg
larization:

Cp~x,k'!5
4NcMgpqq

16p3f p

3(
j

cj

1

k'
2 1L j

21M22x~12x!mp
2

. ~16!

The function is properly normalized,

E d2k'dxCp~x,k'!51, ~17!

and satisfies the crossing relation

Cp~x,kW'!5Cp~12x,kW'!. ~18!

For mpÞ0 it is non-factorizable in thek' and x variables.
Integrating with respect tok' yields the pion distribution
amplitude,

wp~x!54NcMF~mp
2 ,x!

gpqq

f p
. ~19!

The crossing property,wp(x)5wp(12x), follows trivially
and Eq. ~9! gives the correct normalization, name
*dxwp(x)51.

As a consequence of the PV condition with two subtr
tions one has, for largek' ,

Cp~x,k'!→ 4NcM
2

16p3f p
2

(
i

ciL i
4

k'
6

, ~20!

which gives a finite normalization and a finite second tra
verse moment,

^k'
2 &5E d2k'E

0

1

dxCp~x,k'!k'
2 . ~21!

In the chiral limit, mp50, one can use the Goldberge
Treiman relation for the constituent quarks,gpqqf p5M .
Then f p

2 54NcM
2F(0), which gives the very simple formu

las

Cp~x,k'!5
4NcM

2

16p3f p
2 (

i
ci

1

k'
2 1L i

21M2
, ~22!
09401
-
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wp~x!51, ~23!

^kW'
2 &52

M ^ūu&

f p
2

. ~24!

In the chiral limit Cp(x,kW') becomes trivially factorizable
since it is independent ofx. A remarkable feature is that th
last two relations, Eq.~23! and Eq.~24!, are independent o
the PV regulators. A similar situation has also been enco
tered when computing PDF in the chiral limit@37#; it was a
constant equal to one, regardless on the details of the
regulator. We will show below that by putting together E
~23! and the results of Ref.@37# an interesting relation fol-
lows.

Higher transverse moments diverge if one restricts
number of Pauli-Villars subtractions to two, but Eq.~23! and
Eq. ~24! remain still valid if more subtractions are consi
ered.

In Fig. 1 we show thek' dependence of the light-con
pion wave function in the chiral limit~finite pion mass cor-
rections turn out to be tiny, at the level of a few %! for the
PV regularization with two subtractions, and withM
5380 MeV and 350 MeV. For these values we get the tra
verse moment̂ kW'

2 &5(625 MeV)2, and (634 MeV)2, re-
spectively. This value is about a factor of two larger than
one found in Ref.@25#, namely (430 MeV)2, and a factor of
four higher than the findings of Ref.@48#, (316 MeV)2, at

FIG. 1. The pion light-cone wave function in the chiral limi
evaluated in the Nambu–Jona-Lasinio with the Pauli-Villars re
larization with two subtractions and with the constituent quark m
M5280 MeV ~solid line! and 350 MeV~dashed line!, plotted as a
function of the transverse momentumk' . The wave function does

not depend onx. The normalization is such that*d2kW'Cp(x,k')

5wp(x)51. The second transverse moment iŝkW'
2 &5

2M ^ūu&/ f p
2 5(625 MeV)2 for M5280 MeV and (634 MeV)2 for

M5350 MeV . The scale relevant for the calculation, as inferr
from the QCD evolution@37#, is Q05313 MeV.
6-4
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PION LIGHT-CONE WAVE FUNCTION AND PION . . . PHYSICAL REVIEW D66, 094016 ~2002!
the scale at whicha/p;0.1, i.e.Q;122 GeV. As we shall
see below, a part of the discrepancy can be attributed to
QCD radiative corrections.

In non-local versions of the chiral quark model, where
momentum-dependent mass function is introduced a
physically motivated regulator, the trend to produce a c
stant PDA has also been observed if the constant mass
is considered@20,21,25#. In those models such a limit effec
tively corresponds to removing the regulator, against
original spirit of the model. Unfortunately, for the genuin
non-local case those calculations violate proper normal
tion of the PDA, because the employed currents do not c
ply with the necessary Ward identities required by chi
symmetry. The problem has been addressed in Ref.@26#,
where it has been found that about a third of the normali
PDA comes from the non-local currents. For a Gauss
mass function there is a clear flattening ofwp(x) in the cen-
tral region of 0.2<x<0.8 @29#.

We stress that our result, Eq.~23!, holds true without re-
moving the Pauli-Villars regulator and is in harmony wi
chiral symmetry, since the starting point was the normal p
ity action, which by construction preserves chiral symme
Obviously, the fact that our final answer does not depend
the form of the PV regulators used makes any subseq
manipulation with the regulators fully irrelevant.

Another point is that the PDA from Eq.~23! and the PDF
from Eq. ~1! yield the relationwp(x)5Vp(x)/2 valid at a
low scaleQ0. It is noteworthy that in the framework of QCD
sum rules the same identity between the PDA and PDF
also been obtained@11# at some scale, although there th
asymptotic form for the PDA was assumed without the QC
evolution, while the PDF was obtained by QCD evolutio
We will show below that if evolution is undertaken for bo
the PDA and the PDF at the same low energy scale, an o
all consistent picture arises.

IV. QCD EVOLUTION

The comparison of the leading-twist PDA to high-ener
experimental data requires, like for the PDF, the inclusion
radiative logarithmic corrections through the QCD evoluti
@2,3#. For the pion distribution amplitude this is done
terms of the Gegenbauer polynomials, by interpreting
low-energy model result as the initial condition. For clar
we work in the chiral limit, hence

wp~x,Q0!51. ~25!

Then, the LO-evolved distribution amplitude reads@2,3#

wp~x,Q!56x~12x! (
n50

`

8 Cn
3/2~2x21!an~Q!, ~26!

where the prime indicates summation over even valuesn
only. The matrix elements,an(Q), are the Gegenbauer mo
ments given by
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an~Q!5
2

3

2n13

~n11!~n12! S a~Q!

a~Q0! D
gn

(0)/(2b0)

3E
0

1

dxCn
3/2~2x21!wp~x,Q0!, ~27!

with Cn
3/2 denoting the Gegenbauer polynomials, and

gn
(0)522CFF31

2

~n11!~n12!
24(

k51

n11
1

kG ,

~28!

b05
11

3
CA2

2

3
NF ,

with CA53, CF54/3, andNF being the number of active
flavors, which we take equal to three@50#. With our constant
amplitude~25! we get immediately

E
0

1

dxCn
3/2~2x21!wp~x,Q0!51. ~29!

Thus, for a given value ofQ we may predict the PDA. We
need, however, to know what the initial scaleQ0 is, or,
equivalently, to know the evolution ratior 5a(Q)/a(Q0).
The fitting procedure of Ref.@6# yields a2(2.4 GeV)50.12
60.03 ~with the assumptionak50, k.2). We treat this as
experimental input, and then with help of Eqs.~27!, ~29! we
get for the evolution ratio

a~Q52.4 GeV!/a~Q0!50.1560.06, ~30!

which at LO impliesQ05322645 MeV, a value compatible
within errors with Eq.~2!.

The fit of Ref. @6# with non-zero a4 yields a250.19
60.0460.09 and a4520.1460.0370.09. The central
value of a2 would imply, according to our prescription, th
evolution ratio of 0.31, and, correspondingly,Q0

50.4720.19
10.51 GeV, a much larger central value than~2!, but

with very large errors. For that reason, in the numerical st
ies below we use the value~30! for the evolution ratio.

We can now predict the following lowest-order coef
cients:

a4~2.4 GeV!50.04460.016

a6~2.4 GeV!50.02360.010
~31!

a8~2.4 GeV!50.01460.006

a10~2.4 GeV!50.00960.005.

For the sum of the Gegenbauer coefficients we get the e
mate

(
n52

`

8 an~Q52.4 GeV!5E
0

1

dx
wp~x,Q52.4 GeV!

6x~12x!
21

50.2560.10 ~32!
6-5
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E. RUIZ ARRIOLA AND W. BRONIOWSKI PHYSICAL REVIEW D66, 094016 ~2002!
where the uncertainties correspond to the uncertainties in
~30!.

The leading-twist contribution to the pion transition for
factor is, at the LO in the QCD evolution@1#, equal to

Q2Fg* →pg~Q!

2 f p
U

twist-2

5E
0

1

dx
wp~x,Q!

6x~12x!
. ~33!

The experimental value obtained in CLEO@5# for the full
form factor is Q2Fg* ,pg(Q)/(2 f p)50.8360.12 at Q2

5(2.4 GeV)2. Our value for the integral, 1.2560.10, over-
estimates the experimental result, although at
2s-confidence level both numbers are compatible. Tak
into account the fact that we have not included neither N
effects nor an estimate of higher-twist contributions, the
sult is quite encouraging.

In Fig. 2 we show our PDA evolved toQ52.4 GeV, for
two values of the evolution ratio, which reflect the uncerta
ties from Eq. ~30!. We also show the initial and th
asymptotic PDA’s. It is interesting to note that after evoluti
our results closely resemble those found in transverse la
approaches@16–18#. In particular, we get for the secondj
moment (j52x21),

^j2&5E
0

1

dxwp~x,Q52.4 GeV!~2x21!2

50.04060.005, ~34!

to be compared witĥj2&50.0660.02 obtained in the stan
dard lattice QCD forQ51/a52.660.1 GeV@15#. From the
PDF calculation at LO of Ref.@37# we estimate that if the
momentum fraction carried by the valence quarks atQ
52 GeV is 0.4760.02%, thenQ0 is such thata(Q0)
52.14, and the evolution ratio atQ52 GeV is r 50.15.
Then, forQ52.4 GeV we getr 50.14 from the analysis o
the PDF, a value compatible, within uncertainties, with t
present calculation, Eq.~30!. This is a crucial finding, show
ing the consistency of the results obtained in our approa

FIG. 2. The pion distribution amplitude in the chiral lim
evolved to the scaleQ25(2.4 GeV)2. The two values for the evo
lution ratio r 5a(Q)/a(Q0) reflect the uncertainties in the value
of Ref. @6# based on an analysis of the CLEO data. We also sh
the unevolved PDA,wp(x,Q0)51, and the asymptotic PDA
wp(x,`)56x(12x).
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One might worry that the starting condition~25! does not
satisfy the end-point vanishing behavior and therefore can
be expanded in terms of the Gegenbauer polynomials. Th
true, provided one insists on uniform pointwise convergen
However, the Gegenbauer polynomials form a complete
in the space of square-summable functions, hence con
gence may be understood in a weak sense@51#. The slow
convergence is reflected by the fact that in Fig. 2 at le
30–100 Gegenbauer polynomials are needed for evolu
ratios r 50.920.21, respectively. The convergence at t
mid point, x51/2, is improved, since the series forw(x,Q)
is sign alternating. At the end points,x50,1, the series di-
verges, sinceC2k

3/2(61)5 1
2 (2k11)(2k12), which means

that the convergence in Eq.~26! is not uniform. In order to
analyze the behavior close to the end points in a gre
detail we consider the large-n contribution to Eq.~26!. We
have

S a~Q!

a~Q0! D
gn

(0)/(2b0)

→n2(4CF /b0)ln[a(Q)/a(Q0)] , ~35!

hence, forQ→Q0 , Q.Q0, and withx→0 ~recall that the
function is symmetric underx→12x), we obtain

wp~x→0,Q!→8xzS 4CF

2b0
ln

a~Q!

a~Q0!
11D , ~36!

wherez(z)5(n51
` n2z is the Riemannz function, andz(1)

5(n51
` n215`. Thus the slope of the evolved PDA at th

end points becomes steeper and steeper asQ→Q0.
The QCD evolution also influences the value of the tra

verse moment. According to the work of Ref.@48#, ^kW'
2 & can

be expressed as ^kW'
2 &55m0

2/36, where m0
2

5^q̄smnFmnq&/^q̄q& is the ratio between the quark-gluo
and quark condensates. The quantitym0

2 is scale dependen
and has been estimated to bem0

2(1 GeV)50.860.2 GeV2

@52#. Using the corresponding anomalous dimensions, 4

^q̄q& and22/3 for ^q̄smnFmnq& @53#, yields

^k'
2 &Q

^k'
2 &Q0

5S a~Q!

a~Q0! D
(412/3)/b0

5S a~Q!

a~Q0! D
14/(3322Nf )

. ~37!

For NF53 this scale dependence can be seen in Fig. 3.
the valuesQ51 –2 GeV one gets a reduction factor
0.3720.45 for the ratio ~37!, and ^k'

2 &Q5(430 MeV)2

2(380 MeV)2 for the second transverse moment, somew
higher than the QCD sum rules estimate based on Ref.@48#,
(316 MeV)2 or on Ref.@52#, (333640 MeV)2.

w
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V. THE RELATION TO DEEP INELASTIC SCATTERING

As we have already stated in Eq.~1!, the valence PDF for
the pion in the chiral limit has also been found to be a c
stant equal to one@37#. At LO the non-singlet evolution of
the PDF moments is quite similar to that of the Gegenba
moments of PDA, Eq.~26!, namely,

E
0

1

dxxnVp~x,Q!5S a~Q!

a~Q0! D
gn

(0)/(2b0)E
0

1

dxxnVp~x,Q0!

5
2

n11 S a~Q!

a~Q0! D
gn

(0)/(2b0)

. ~38!

Thus, forn52, one obtains

a2~Q!

a2~Q0!
5

^x2Vp~x,Q!&

^x2Vp~x,Q0!&
5S a~Q!

a~Q0! D
g2

(0)/(2b0)

. ~39!

For NF53 this scale dependence for the ratios can be loo
up in Fig. 3. Usinĝ x2Vp(x,Q0)&52/3 ~the operational defi-
nition of Q0) anda2(Q0)57/18 yields

a2~Q!

^xVp~x,Q!&
5

7

12
, ~40!

hencea2(2 GeV)50.1260.01 for^x2Vp&50.2060.01 @40#
anda2(2 GeV)50.1060.01 for ^x2Vp&50.1760.01 @54#.

One can combine Eqs.~1!,~23!,~26!,~38! to obtain the fol-
lowing very interesting LO relation that holds in the cons
ered model:

FIG. 3. Dependence of the second transverse moment of
pion light-cone wave function,̂k'

2 &Q /^k'
2 &Q0

~solid line!, the sec-
ond Gegenbauer momenta2(Q)/a2(Q0) of the pion distribution
amplitude ~dashed line!, and the evolution ratior 5a(Q)/a(Q0)
~dotted line!, plotted as functions of the scaleQ. The leading-order
QCD evolution is applied. All quantities are relative to their valu
at the low energy scale,Q05313 MeV, at which the momentum
fraction carried by the quarks equals unity@37#, according to the
prescription that in a quark modelQ0 is defined by the condition
^xVp(x,Q0)&51. In our modela(Q0)52.14, a2(Q0)57/18, and
^k'

2 &Q0
5(625 MeV)2 for M5280 MeV and (634 MeV)2 for M

5350 MeV and in the chiral limit.
09401
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wp~x,Q!

6x~12x!
215E

0

1

dyK~x,y!Vp~y,Q!, ~41!

where the kernelK is independent ofQ2, and is given by

K~x,y!5 (
n50

`

8
2n13

3~n12!
C n

3/2~2x21!yn. ~42!

In general, the relation~41! holds in any model where the
PDA and the PDF are simultaneously equal to unity at so
scaleQ0, and are subsequently evolved at LO. Physica
Eq. ~41! simply tells us that the departure of the PDA at
given Q2 from the asymptotic form is proportional to
weighted integral of the PDF at the sameQ. Clearly,
wp(x,Q)→6x(12x) if Vp(x,Q)→2d(x) or equivalently
xVp(x,Q)→0 sinceK(x,0)50. Roughly speaking, in the
present model the pion distribution function is as close to
asymptotic value as the non-singlet parton distribution.
remarkable feature of relation~41! is that it binds matrix
elements related to exclusive~PDA! and to inclusive~PDF!
processes.

In order to evaluate the kernel we use the symmetri
generating function of the Gegenbauer polynomials,

G~x,y!5 (
n50

`

8 Cn
3/2~2x21!yn5

1

2
$R1

23/21R2
23/2%21

~43!

R65172~2x21!y1y2,

whence one can obtain

K~x,y!5
2

3
G~x,y!2

1

3y2E0

y

dy8y8G~x,y8!. ~44!

The integrals can be worked out to yield the final result

K~x,y!5
1

~24R1
3/2y2~x21!x!

$8~x21!xy2

1R1@~2x21!y21#

12R1
1/2~x21!xy2@122~2x21!y1y2#

1R1
3/2@128~x21!xy2#%2~y↔2y!. ~45!

To test the success of Eq.~41! we need some input fo
Vp(x,Q). However, taking into account the fact that th
agreement of the evolved valence PDF,Vp(x,Q) with the
parametrization of Ref.@40# at Q254 GeV2 is almost per-
fect @37,39#, and that the results are almost insensitive to
evolution ratio,a(Q)/a(Q0), Fig. 2 can be regarded as
direct prediction of Eq.~41! taking Ref. @40# as input for
Vp(x,Q). A further consequence of Eq.~41! may be ob-

he
6-7
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tained by integrating with respect tox and performing the
sum overn. Through the use of Eq.~32! we get

(
n52

`

8 an~Q!5E
0

1

dyk~y!Vp~y,Q! ~46!

where

k~y!5E
0

1

dxK~x,y!5 (
n52

`

8
2n13

3~n12!
yn

5
3y211

6~12y2!
1

@ log ~12y!1 log ~11y!#

6y2
. ~47!

Notice that, forQ→` we getVp(x,Q)→2d(x) and since
k(y)57y2/121O(y4) one gets (n52

`8 an(Q)→0, as ex-
pected. Finally, using the parametrization of Ref.@40# we get
@55#

(
n52

`

8 an~2 GeV!50.2560.03, ~48!

a value perfectly compatible with Eq.~32! although with
smaller uncertainties@56#. Again, this verifies the consis
tency of our approach.

VI. CONCLUSIONS

We summarize our points. We have computed the lig
cone pion wave function and the pion distribution amplitu
in the Nambu–Jona-Lasinio model. To this end, and to co
ply with previous results regarding the parton distributi
functions, we have used the Pauli-Villars regularizati
method in such a way that chiral symmetry, gauge inva
ance, and relativistic invariance are preserved. As a re
09401
t-

-

i-
lt,

we find that in the chiral limit the pion distribution ampl
tude, computed as a low energy matrix element of an app
priate operator, is a constant equal to one,wp(x)51, and the
second transverse moment of the pion light-cone wave fu
tion is ^kW'

2 &52M ^ūu&/ f p
2 , with M denoting the constituen

quark mass. Both results are independent of the partic
form of the Pauli-Villars regulators used. After the QCD ev
lution of the pion distribution amplitude to the experime
tally accessible region we find a result still rather far aw
from the asymptotic form,wp(x)56x(12x), but in a good
agreement with the analysis of the experimental data fr
the CLEO Collaboration. We can determine the working m
mentum scale for the model to beQ05313 MeV, a rather
low value. Moreover, the scaleQ0 obtained in this work is
compatible, within experimental uncertainties, to the va
obtained from the previous analysis of the parton distribut
functions, carried out within exactly the same model. At t
scaleQ0 the quarks carry all the momentum of the pion. O
value obtained for the second transverse moment of the
light-cone wave function,̂ kW'

2 &, becomes, after the QCD
evolution, not far from the estimates based on the QCD s
rules. Finally, we have also derived a model relation wh
binds the departure of the pion distribution amplitude fro
its asymptotic value to an integral involving the pion qua
distribution function. The relation, specific to the feature
our model that at the scaleQ0 both the PDA and PDF are
constant and equal to unity, has been successfully chec
against the available data.
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